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The predictions of several entanglement models of rubber elasticity for the uniaxial stress—strain
response of crosslinked polymer networks are examined. It is found that the Gaylord tube model and the
Flory constrained junction fluctuation model both agree well with the experimental data.
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INTRODUCTION

A number of theoretical models have recently been
proposed to account for entanglement effects in cross-
linked polymer networks. These models can be grouped
into four types of approaches (see the original papers for
specific model details): tube models'~7 in which each
network chain is confined within a tube; sliplink mo-
dels®® in which each network chain threads its way
through a number of small rings; primitive path models**°
in which the chain segments lie either along the shortest
path between chain ends that does not violate topological
restrictions or in loops from the path, and constrained
junction fluctuation models! %! in which each network
junction is subjected to a domain of constraint.

There are several criteria to be considered in choosing
between these theoretical approaches, including: the
reasonableness of the underlying physical concepts (e.g.,
are entanglements discrete and specific, do entanglements
act exclusively on junctions, can chain segments be
divided into distinct categories); the simplicity and ease of
usage of the mathematical expressions; the degree of
organic unity, and; the agreement between the theoretical
predictions and the experimental data. It is this latter test
to which we will turn our attention herein.

COMPARISON TO DATA

To test the ability of the different models to describe the
stress response of real networks to uniaxial strain, two sets
of experimental data were chosen: (1) Rivlin and Saun-
ders’ data'? for natural rubber vulcanized with sulphur;
(2) data obtained by Pak and Flory!? for poly(dimethyl
siloxane) crosslinked by 3% dicumyl peroxide. These
particular sets were chosen because of their relatively
large range of strain, a feature rarely encountered in most
works. In both cases, compression data were obtained by
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inflation of a sheet and extension data were measured on a
strip cut out from the same sheet used in the compression
experiment. We note that despite the careful experimental
procedure followed in both studies, there is a large
amount of scatter in the data. In addition, the measure-
ments on the natural rubber samples mady have resulted in
overestimated reduced stress values at both extremities of
the strain range as a result of stress induced crystallization
and the measurements on the PDMS samples showed
hysteresis effects, possibly due to stress relaxation.

The predictions of the Edwards* (E), Marrucci® (M),
and Gaylord” (G) tube models, the Doi-Edwards—
Marrucci-Graessley®-? (D) sliplink model and the Flory!!
(F) constrained junction fluctuation model were com-
pared to these two sets of data.

The functional forms of the reduced stress expressions
of the models are given in Table 1. Of the five models, three
(M, G, D) are two parameter models, but two (E, F) are
three parameter models which require information on the
network structure in order to estimate a priori the value of
one of the parameters. For all five models, the least-sum-
of-squares criterion was used to determine the values of
the two parameters which best fitted the data. In addition
to this data fitting procedure two other schemes were
tried: (1) The curves were forced to pass through the
experimental small-strain modulus value ([ f*],.,), by
proper selection of one parameter, thereby leaving only
one adjustable parameter to be fitted by the data. (2) Both
parameters were determined by ‘best-fitting’ the model in
extension only. The relative agreement of the models with
the data were not altered by the different schemes used
and the qualitative results discussed below are inde-
pendent of the way the data are handled.

RESULTS AND DISCUSSION

The best-fit model parameters obtained for the two sets of
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Table 1 Functional forms used to fit data

Modet Ref. Reduced stress {f*] Fitted parameters Max [F*]
2 (1 —a) J(1 —a) a
Edwards? 4 uRT | -+ ﬁ. + « + « — a,p A=1
3 3/ 3(1—-aJ) 6(1—a/i?2 6J(1 —aJ)
Marrucci 6 a+blJ ab A=1
1—a32
Gaylord 7 a+b | ——— ab Al =1587
A—A—2
Doi—Edwards— 3 211 B
Marrucci—Graessley 89 at+b {“é'!” I:BI l lf'lm] -2 ab

where
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(|E-up= 5 [ [A2cos2g + A—1sin26]1/2 sinode
== o

Flory? 1 [F*pn] {1+ AK() —A—2K(A=1/2)] (A —A—2)—1} K.t A1 1
where
8 Bg 289
(1+8)303) (1+8g) a(A})
g=A3 k"1 +E —1)]
B=(,—1[1+r~a2] 1 +g)2

Kixg) =

2 —1
- ()\ + 22

3

1/2
) ; uRT was estimated from network data
b [f“;h] was estimated from network data; network assumed to be perfect and tetrafunctional

Table 2 Regression results for tested models

PDMS Natural rubber
parameter correlation parameter correlation
value coefficient value coefficient
Edwards a 0.05 0.67 0.1 0.49
8 2.96 2.0
uRT? 0.55 1.06
Marrucci at 0.604 0.67 1.175 0.51
bt 0473 0.573
Gaylord at 0.356 0.97 0.681 0.90
bt 1.430 2.165
Doi—Edwards— at 0.094 057 —0.251 0.69
Marrucci—Graesstey b1 3.084 6.848
Flory K 10 » 12 »
¢ 00 0.0
[Fonlt 0.65 1.05

t value given in Pa x 10—5
*No correlation coefficient was calculated because regression routine was used to fit the data
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Figure 7 Reduced force dependence on strain in uniaxial v L 1
extention—compression for PDMS chemically cross-linked with

3% dicumyl peroxide (Pak and Flory'3). The theoretical curves x!

are indicated by: ( ) Edwards®, (——~) Marrucci®, %--—~—) Figure 2 Uniaxial extension—compression for natural rubber
Gaylord’, (—- —- —) Doi—Edwards—Marrucci—Graessley3, (..... ) vulcanized with sulphur (Rivlin and Saunders'?). Curve legends
Flory!! are the same as in Figure 7
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experimental data are listed in Table 2 along with the
regression correlation coefficients. No attempt was made
to evaluate the physical soundness of these parameters.
The results are also depicted in Figures 1 (PDMS) and 2
(natural rubber).

The most striking features emerging from the Figures
are the complete failure of the sliplink model (D) and the
relatively little difference between the tube and junction
fluctuation suppression models (E, M, G, F) over a very
large portion of the strain range covered. The inability of
the sliplink model to match the data here agrees with
previous findings®°. The close match between the Ed-
wards and Marrucci tube models is expected since the
reduced stress expression of the Marrucci model is the
same as the reduced stress expression of the & =0 form of
the Edwards model (cf. Table I) and the regression
analysis best fits the Edwards model for small « values (cf.
Table 2). It is only at large extension ratios (J>1/w),
representing the depletion of the surplus segment popu-
lation in the Edwards model, that the difference between
the E and M models is observable.

Three models (M, F, G) fit the extension data very well.
However, this is not surprising since any two-parameter
model is expected to fit the data in this range at least as
well as the Mooney-Rivlin expression and therefore the
use of extension data alone as a test for molecular theories
is meaningless. Unfortunately the literature abounds with
comparisons of this sort.

When the entire strain range is considered, the Gaylord
tube model is somewhat better than the other two tube
models in fitting the data.

The close agreement between the Gaylord and Flory
models, well below experimental uncertainty, is quite
surprising in view of the vast differences in the physical
models used and the mathematical expressions obtained
(cf. Table 1).

Finally, both sets of data indicate that [ f *;] reaches a
maximum somewhere in the vicinity of A~'=1.4 and
definitely at A~'> 1. While there is no maximum in [ f*]
for the D model, a maximum does occur at 4~ ! =1 for the
E and M models, at 17! between 1.3 and 1.5 for the F
model and at 1~ =1.587 for the G model. Again, only the
Flory and Gaylord models are in agreement with
experiment.
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To summarize, it has been shown that data covering a
large range of strain, including both extension and
compression, must be employed for the evaluation of
network elasticity models. The Doi-Edwards—-Marrucci—
Graessley sliplink model does not accurately describe
network elastic behaviour. Both the Gaylord tube model
and the Flory constrained junction fluctuation model fit
the stress—strain data well over the entire strain range as
well as predict the correct position of the maximum in the
reduced stress. The predictions of the two models are, in
fact, practically indistinguishable. This may indicate that
the stress—strain response of real networks is not sensitive
to the exact mechanism by which topological constraints
are imposed on networks, whether by restriction of
junction motion (Flory) or by chain—chain interaction
(Gaylord). Alternatively, it may indicate that uniaxial
strain experiments are just not sensitive enough to
distinguish between the models and that other modes of
strain (e.g., biaxial, torsion), or solvent effects need to be
studied in order to fully test the molecular models. This
will be undertaken in a future publication.
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